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Abstract

robot was able to recover from forward and sideways
pushes of up to 21 Ns while balancing on one leg and
This two-part paper discusses the analysis and con- stepping to regain balance. The simulated robot was
trol of legged locomotion in terms of N -step captura- able to recover from sideways pushes of up to 15 Ns
bility: the ability of a legged system to come to a while walking, and walked across randomly placed
stop without falling by taking N or fewer steps. We stepping stones.
consider this ability to be crucial to legged locomotion and a useful, yet not overly restrictive criterion
1 Introduction
for stability.
Part 1 introduced the N -step capturability framework and showed how to obtain capture regions and Making humanoid robots useful in complex environcontrol sequences for simplified gait models. In Part ments requires attaining good disturbance rejection
2, we describe an algorithm that uses these results properties while performing other tasks, such as walkas approximations to control a humanoid robot. The ing. Current robots have not sufficiently demonmain contributions of this part are 1) step location strated this ability. In Part 1, we proposed to apadjustment using the 1-step capture region, 2) novel proach this problem using the concept of N -step capinstantaneous capture point control strategies, and 3) turability, informally defined as the ability to come to
an experimental evaluation of the 1-step capturabil- a stop in N steps or fewer. We provided a capturability margin. The presented algorithm was tested using ity analysis of three simplified gait models. This part
M2V2, a 3D force-controlled humanoid robot with 12 presents capturability-based control algorithms for
actuated degrees of freedom in the legs, both in sim- balancing and walking that are robust to pushes and
ulation and in physical experiments. The physical unexpected ground variations. In the presented control algorithms, we make use of the concepts derived
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1. step location adjustment using an approximated
1-step capture region, based on the 3D Linear Inverted Pendulum Model (3D-LIPM) with finite1

sized foot;

ZMP-based trajectory tracking control The
Zero Moment Point (ZMP) is the point about which
the resultant ground reaction torque has no horizontal component [33]. ZMP-based trajectory tracking control usually encompasses choosing a desired
ZMP trajectory based on available footholds and desired gait properties, and calculating the center of
mass (CoM) motion that results in that ZMP trajectory [13,14]. It is widely used in legged robot control
since maintaining the ZMP strictly inside the support polygon at all times guarantees that it is physically possible to track the reference joint trajectories
using conventional control tools. The distance from
the ZMP to the edge of the support polygon can be
used as a measure of robustness. Modifying the reference ZMP trajectory online has also been explored,
including both small local ZMP changes and larger
step placement changes [18]. Another ZMP control
approach treats the ZMP as a control input, which
is manipulated to produce a desired motion of the
CoM. For example, central pattern generators have
been used to calculate the reference ZMP trajectory
to produce walking [31].
Typical ZMP-based gait generation techniques
cannot be used to generate gaits for which the stance
foot rolls from heel to toe, as observed in fast human
walking. This limitation is due to the ZMP needing
to be inside the support polygon to meet the ZMP
stability criterion [33]. However, when the robot rotates about an edge of its support foot, the area of
the support polygon decreases to too small of a value
to provide robustness against small modeling errors.
Also, the reference joint trajectories themselves might
lead the robot to a fall by design, even if the ZMP is
kept inside the support polygon at all times. Hence,
the ZMP criterion is not a necessary condition to
avoid falling [28]. In addition, the ZMP criterion
is not applicable to non-flat terrain [36]. Most importantly for the present work, ZMP analysis does
not answer the crucial question of where to step to
recover from large disturbances.

2. novel instantaneous capture point control strategies using placement of the center of pressure
(CoP);
3. an experimental evaluation of the control algorithms using the N -step capturability margin introduced in Part 1.
Furthermore, the current part extends some of the
control strategies from previous work [24] to 3D.
To date, we have achieved push recovery during
one-legged balancing on the physical robot. In simulation, we have also achieved push recovery while
walking on level ground and while walking over
stepping stones. These results demonstrate that
capturability-based control using simplified dynamic
models may be useful in developing bipedal walking
control algorithms that are robust to disturbances.
While performing one-legged balancing, the physical
M2V2 was able to recover from forward and sideways
pushes of up to 21 Ns. The simulated version of the
robot was able to recover from sideways pushes of up
to 15 Ns while walking on level ground.
The remainder of this paper is structured as follows. Section 2 presents related literature. In Section 3 we describe the M2V2 robot. Section 4 describes the simulation environment for the robot. In
Section 5 we describe the control tasks that we are
interested in achieving with the robot. Section 6
describes some of the control concepts that we employed in developing control algorithms. Section 7
presents implementation details of our control algorithms. Section 8 presents results. In Section 9, we
discuss capturability-based analysis and control and
suggest future work. Finally, we conclude the paper
in Section 10.

2

Background

The literature on control algorithms for humanoid
robots is extensive. Here we provide a brief survey Passive Dynamics Based Control Another apof some widely used control techniques and focus on proach to walking control explicitly relies upon the
their disturbance rejection properties.
passive behavior of the robot’s mechanical com2

ponents. Straight-line periodic walking has been
demonstrated for purely passive devices walking
down a slope [4, 16]. Adding limited actuation to
machines designed for passive walking can yield a
controlled, efficient gait [3]. Rejection of small disturbances has been shown for planar walkers under
limited control [15, 32], as well as locally stable gaits
with purely reflexive control [8]. A major focus of
our current work is endowing robots with the ability
to recover from disturbances large enough to require
significant actuation, so we cannot rely on passive
dynamics alone to avoid falling.

disturbance rejection using a passivity-based controller [11], later complemented by CoM control using
a Dynamic Balancer [12].
Compliant strategies can enhance the robustness of
a walking algorithm since they focus on interaction
forces with the environment to achieve higher level
goals, instead of relying on high gain position control and extremely accurate ground models to achieve
perfect kinematic trajectories. The presented work
also uses a compliant control strategy.

3
Hybrid Zero dynamics Another approach to locomotion control identifies relationships between the
degrees of freedom of a robot that lead to a steady
gait [35]. These relationships are then enforced by
a feedback controller, yielding a locally stable, periodic gait. This method has been shown to be able to
cope with moderately rough terrain [29] [34]. More
recently, this method has been used to generate three
dimensional walking [2]. However, it requires off-line
computation of a repetitive gait, and therefore it currently has no mechanism for explicitly handling rough
terrain with impassable areas. Also, it is still unclear how a robot using this method will handle large
pushes that significantly disturb the state of the machine from the preplanned gait.

Description of M2V2 Robot

M2V2 (see Figure 1) is a lower body humanoid with
two 6 DoF legs [26]. There are three degrees of freedom at each hip, one at each knee, and two at each
ankle. See the Appendix for approximate inertia parameters and joint offsets, which we use in the simulation model. It is a second generation redesign of M2,
a robot developed at the MIT Leg Laboratory [19,21].
Each degree of freedom is driven by an identical force controllable Series Elastic Actuator (SEA)
[22, 27]. These actuators use a spring in series between the drive train and the load. By measuring
the spring deflection, the force exterted by the actuator can be measured. Using a feedback controller,
the actuator force can be controlled accurately. For
M2V2, each actuator can produce a force of up to
1.3 kN, with a smallest resolvable force of approximately 4.4 N, giving it a 300 : 1 dynamic range. The
force controllable bandwidth of each actuator is approximately 40 Hz. M2V2 has two U.S. Digital EM10-500 linear encoders and LIN-500 encoder strips at
each Series Elastic Actuator, one to measure position
and one to measure spring deflection.
Onboard computation is provided by a PC104 with
a dual core Pentium-M processor. Sensor reading
is done by several AccesIO 104-Quad8 encoder input boards. Desired current is output as a PWM
signal through two Real Time Devices 6816 PWM
boards. Body orientation and angular rate are measured using a MicroStrain 3DM-GX3-25 inertial measurement unit. Current control is provided through
twelve Copley Controls Accelnet module ACM-18020 amplifiers. The PC104, I/O cards, and current

Compliant Strategies for Force Controllable
Robots Force controllable robots have lead to the
development of compliant control strategies. Virtual
model control and other intuitive control strategies
were used on the 2D walking robot Spring Flamingo
[24]. Coros et al. [5] combine Jacobian transpose control, joint space PD control, and gravity compensation with step planning based on an inverted pendulum model to obtain a walking controller that works
for a range of simulated characters, while performing
secondary tasks. Stephens and Atkeson [30] introduced an algorithm that combines joint PD control,
virtual model control and Dynamic Balance Force
Control. Dynamic Balance Force Control is an inverse dynamics approach based on the contact forces
obtained from a CoM planner. Hyon et al. achieved
3
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Figure 2: Overview of the software architecture. The
majority of the software runs both in simulation and
on the real robot, eliminating the need to maintain
separate versions, and allowing for significant development and testing in simulation.
Figure 1: M2V2, a 3D force-controllable humanoid
robot with twelve actuated degrees of freedom.
amplifiers are all located in the body of the robot.
A custom designed push stick equipped with a digital Loadstar ILoad Pro load cell was constructed
for measuring pushing forces applied to the robot.
This load cell is connected to to the robot to eliminate data synchronization issues, but the control algorithm does not have access to its output.
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short duration. The force is applied to the midpoint
between the hip joints. In future work we intend to
investigate recovery from pushes at any location on
the robot. Stepping stones are modeled as polygons.
Our software architecture (see Figure 2) is designed
to have a common control algorithm that is used both
in simulation and on the physical robot. The only
differences between the simulation and the physical
robot are the source of the raw sensor data and the
destination of the desired motor currents. The simulated sensors include noise and discretization error.
The actuators are modeled as low pass filters to simulate the bandwidth of the SEAs and have maximum
output force limits. The control algorithm threads
run at the same rate in simulation and on the embedded computer. By having a shared code base, we
eliminate the effort and bugs that are typical when
porting from a simulation environment to real hardware.

Simulation environment

We have developed a simulation model of M2V2 using the Yobotics Simulation Construction Set [37].
This software package allows for rigid body dynamics modeling and simulation using the Articulated
Body Algorithm [6, 17] and a fourth order RungeKutta integrator. The integration step size we use is
0.1 ms. Ground contact forces are determined using
spring-damper ground models, sometimes referred to
as penalty-based methods.
Pushing disturbances are modeled as high intensity
forces of constant magnitude that are applied for a
4
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Control Tasks

These concepts are 1) capturability-based control using an approximate model, 2) force control and 3)
virtual model control.

The controller was designed for two separate control tasks: 1) balancing on one leg and 2) walking.
These tasks require slightly different implementations
of some of the modules in the controller, although the
main control algorithm is the same.

5.1

6.1

Balancing
We consider bipedal locomotion to be an inherently
robust control problem, which does not require great
accuracy in controller design. This motivates our use
of an approximate model. Out of the three simplified
gait models described in Part 1, we have chosen to
use the 3D-LIPM with finite-sized foot for approximations. See Section 9.1 for the motivation for this
choice. We base our control strategy on the instantaneous capture point and the approximated 1-step
capture region. Although no guarantees on capturability can be made for the robot using this approximation, we have found that it works well in practice.

Balancing on one leg (subsequently called ‘balancing’) entails going from a double support configuration to single support, and remaining in single support for as long as possible. If the robot is significantly perturbed while in single support, it will need
to take a step to prevent a fall. Possible disturbances include pushes of significant magnitude and,
to a lesser extent, sensor and actuator imperfections.
Pushes of a magnitude requiring the robot to take a
step will be assumed to have a direction that does not
require a cross-over step. For example, if the robot is
balancing on its left leg, then significant pushes could
be directed forward, backward or to the right, but not
to the left. Balancing was chosen as a precursor to
walking because it is challenging and requires good
foot placement, but it is not as difficult as walking
since sustained forward progression is not required.
To date we have achieved balancing on the physical
robot, recovering from forward and sideways pushes
up to 21 Ns.

5.2

Capturability-based Control using
an Approximate Model

Considering the 3D-LIPM with finite-sized foot,
the instantaneous capture point is the point on the
ground where the CoP should be placed instantaneously and maintained to come to a rest with the
CoM directly above the CoP. We do not specify a desired CoM trajectory; instead, desired instantaneous
capture point paths are used as a basis for control.
The linear dynamics of the instantaneous capture
point allows us to find a desired CoP location within
the base of support that ‘pushes’ the instantaneous
capture point along the desired path.

Walking

The walking task requires the robot to move forward and be able to change walking direction. In
addition, the controller needs to be able to handle
walking over stepping stones. To date, walking on
flat ground without pushes has been achieved on the
physical robot. Walking in the presence of pushes up
to 15 Ns and walking over stepping stones have been
achieved in simulation.

For the balancing task, we determine whether taking a step is necessary based on whether the instantaneous capture point has left the base of support
(see Corollary 2 in Part 1 and [23]). For both control tasks described in this part, the controller will
attempt to step to a desired step location in the 1step capture region. If the robot is disturbed significantly in mid-swing, the desired step location will be
adjusted so that it always lies in the 1-step capture
region. Section 9.2 provides a discussion on why we
6 Control Concepts
chose to base the controller on the 1-step capture reThis section describes three key concepts we use in gion, as opposed to using an N -step capture region
our control strategies, regardless of the control task. with N > 1.
5

6.2

Force Control

designed simple virtual components to achieve each
one [24]. CoM height was maintained by a virtual
vertical spring-damper “granny walker” and forward
travel was achieved with a virtual “track bunny” with
constant forward velocity connected to the robot’s
body by a virtual horizontal damper. The joint actuation was calculated using the transpose of a Jacobian that spans the joints between two virtually
controlled points. While kinematic singularities remove degrees of freedom from the possible actuation,
the joint torques for the remaining degrees of freedom
can still be calculated. Similar techniques were used
in the control of Spring Flamingo, a planar walker
with 6 actuated degrees of freedom. Virtual model
control is used in the control of M2V2 to maintain
CoM height and body orientation, and to achieve approximate CoP control.

Force controllable actuators allow a biped to walk
smoothly and naturally. These actuators allow for
compliant control methods that are forgiving to external forces and unknown terrain. Traditionally,
many humanoid robots use high-gain position control to track prescribed joint trajectories using nonbackdrivable actuators. This approach typically requires near perfect knowledge of the terrain, a near
perfect dynamic model of the robot, and no external
forces. When pushed or encountering unexpected terrain, these robots may no longer be able to follow the
prescribed joint trajectories, and either a new trajectory must be computed on the fly, or the robot falls.1
Our control approach avoids the use of joint trajectory tracking for the stance leg. Instead, we use
low-impedance feedback controllers that control the
fundamental aspects of walking (foot placement and
body height, orientation and speed), rather than attempting to rigidly control each degree of freedom.
Force control provides some robustness to rough terrain since the exact foot/ground contact configuration is less important than the interaction forces between the feet and the ground. In addition, force
controllable actuators simplify control of the CoP location, and allow compliant control techniques, such
as virtual model control.

6.3

7

Controller Implementation

We now present a detailed description of the balancing and walking controller. The controller’s input
is comprised of joint angles and angular velocities,
and the orientation and orientation rates of the upper body. The controller’s output is comprised of
desired torques at each joint. The controller consists
of five main parts:
1. the state machine, which keeps track of the gait
phase for each leg and acts as a supervisory system that calls the appropriate lower level routines (see Section 7.1),

Virtual Model Control

Virtual model control is a tool that allows a designer
to control a robot by choosing virtual components,
such as springs and dampers, to intuitively achieve
task goals [1, 9, 10, 24, 25]. Once these components
are chosen, the kinematic model of the system and
additional user defined constraints allow direct calculation of the joint actuation required to simulate
the effect of the desired components.
For example, in previous work on Spring Turkey, a
planar walking robot with 4 actuated degrees of freedom, we decomposed the requirements of walking and

2. the capture region calculator, which determines
the instantaneous capture point and the 1-step
capture region (see Section 7.2),
3. the desired footstep calculator, which determines
where to step to next (see Section 7.3),
4. the swing sub-controller, which computes the
torques for the swing leg joints, if any (see Section 7.4), and

1 Trajectory tracking bipedal robots often use compliant
foot pads, force sensors, and real time modification of ankle
trajectories to control the CoP location. This technique essentially converts the ankle actuators to lower impedance force
controllable actuators.

5. the stance sub-controller, which computes the
torques for the stance leg joints (see Section 7.5).
6
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Figure 3: Overview of the control architecture. Arrows represent data flow. Arrows that point to the
edge of a block signify that the corresponding information is available to all subblocks. The state machine produces the controller state s. The capture
region calculator approximates the 1-step capture region C. The desired footstep calculator uses the capture region to compute a step location rstep and orientation Rstep . The swing sub-controller computes
torques for the swing leg if the robot is in a single support state. It also produces a wrench Wcomp
that the stance sub-controller uses to compensate the
swing motion. The stance sub-controller computes
the torques for both legs in double support, or just
the stance leg in single support.

Figure 4: The state machine, which produces the controller state s. Blocks represent states and dashed
lines represent available state transitions. When the
control algorithm is started, the robot is in the ‘stop
in double support’ state.

7.1

State Machine

The state machine structure, shown in Figure 4,
is based on the gait phases that a single leg goes
through during human walking, as described in the
biomechanics literature [20]. See Figure 5 for a graphical depiction of these gait phases. The gait phases
can be grouped into stance phases and swing phases.
Below we provide a short description of each gait
phase. See [20] for more detailed descriptions.

See Figure 3 for an overview of the control architecture. The same state machine structure is used for
both control tasks (balancing and walking), but with
different control actions and transition conditions for
each task. While the swing and stance sub-controllers
are different for each task, they share many of the underlying control modules. The desired footstep calculator is also task-specific.

7.1.1

Stance phases

During loading response, the shock of initial ground
contact is absorbed by bending the knee and using
the heel as a rocker. The leg is loaded, while the
trunk is kept upright. Once the opposite leg is lifted,
the robot transitions into mid stance, in which the
The capture region calculator is task independent CoM moves forward over the stance foot as the leg
and is the module most linked with capturability- is straightened. The robot transfers into terminal
based analysis and control. This module may also be stance when the CoM is in front of the support foot.
useful in other legged robot control architectures and During this state, the heel rises and the knee is first
with other walking control techniques.
straightened further and then begins to flex slightly.
7

Loading Response Early Mid Stance Late Mid Stance

Terminal Stance

Pre-Swing

Initial Swing

Mid Swing

Terminal Swing

Figure 5: The gait phases upon which the state machine is based. The labels correspond to the phase of the
highlighted right leg. Adapted from [20], which describes the phases of gait for human walking.

7.1.2

7.2

Swing phases

Capture Region Calculator

The capture region calculator approximates the 1step capture region C, the set of locations where the
contact reference point, a chosen point on each foot,
may be placed at the next step so that the robot
is able to reach a captured state. The algorithm is
based on the capturability analysis of the 3D-LIPM
with finite-sized foot, as presented in Part 1, and we
refer to that part for the underlying theory; here we
only present the implementation details of the capture region calculator. See Algorithm 1 for pseudocode. Figure 6 describes the algorithm graphically.
The algorithm can handle limitations on where
the CoP may be placed by specifying allowable CoP
regions, represented as a set of polygons, denoted
A = {A0 , A1 , . . . }. The allowable CoP regions may
be used to model stepping stones, as well as to avoid
cross-over steps and overlapping footsteps.
Algorithm 1 assumes that the orientation of the
swing foot may be chosen without limitation, which
means that the maximum distance rmax from the contact reference point to the edge of the foot polygon
(see Figure 7) fully specifies which contact reference
point locations allow a given CoP location to be attained. We further specify a maximum step length
lmax , defined as the maximum distance between subsequent contact reference point locations.
The output of the algorithm is a tuple
(CP , rmax , lmax ), consisting of a set of polygons

When the opposite leg makes contact with the
ground, the robot transitions into pre-swing. The
leg is unloaded and bent more in preparation of the
swing phase. Initial swing begins as the foot lifts off
the floor. Foot clearance is achieved and the leg is
swung forward. When the swinging limb is opposite
the stance limb, the robot enters mid swing. The hip
is flexed further and the knee is allowed to extend
in response to gravity. Finally, the robot transitions
into terminal swing, in which the knee is extended as
limb advancement is completed.
Transitions between gait phases for the right leg are
directly coupled to those for the left leg. The states
shown in Figure 4 were hence created by combining
one gait phase for the left leg and one gait phase
for the right leg, e.g. ‘left early stance - right initial
swing’. In addition to the eight walking states, there
is also a state in which the robot is stopped in double
support and states in which weight is transferred to
one leg, allowing the robot to start from a stop.
While this state machine is based on walking, it is
easily adapted to one-legged balance, through appropriate selection of control actions in each state and
transition conditions between states.
8

CP , the maximum offset distance to these polygons
rmax , and the maximum distance to the contact
reference point lmax . The basic idea of the algorithm
is to determine the set of polygons CP consisting
of the parts of A where the instantaneous capture
point may be located when a step is taken, so that
the CoP may be placed there after the step, letting
the robot reach a captured state. The capture region
C is then found by determining allowable contact
reference point locations that enable the CoP to be
placed inside CP as shown in Figure 7.

q2

A2

ric

11b

p2

9

CP

p1
p0

11a

A0

8

Figure 6: Graphical depiction of Algorithm 1. The
instantaneous capture point ric is first calculated (line
1). The ordered set of support polygon vertices
that are visible from the instantaneous capture point,
(q0 , q1 , q2 ) is then determined (line 4), as well as the
corresponding possible locations of the instantaneous
capture point at ts,min , (p0 , p1 , p2 ) (lines 5–7). The
set of polygons CP is finally determined by bounding
the set of allowable CoP regions, A, using the lines
denoted 8, 9, 11a and 11b in the figure. The numbers
correspond to line numbers in Algorithm 1.

CP ⇐ A
if ¬pointInPolygon(S, ric ) then
Q = (q0 , . . . , qn ) ⇐ visibleVertices(S, ric )
for i = 0 to n do
pi ⇐ [ric − qi ]ets,min −t + qi
end for
CP ⇐ bound(CP , p0 , ric )
CP ⇐ bound(CP , ric , pn )
for i = 1 to n do
CP ⇐ bound(CP , pi−1 , pi )
end for
end if
return (CP , rmax , lmax )

l max
rmax

In Algorithm 1, S is the current support polygon
represented as a clockwise ordered sequence of vertices, r is the CoM position, ts,min is the estimated
earliest time at which a step can be taken, t is the
current time, rmax is the maximum distance from the
contact reference point to the edge of the support
polygon, and lmax is the maximum step length, as
measured from the contact reference point.
Line 1 in the algorithm is the instantaneous capture point definition, (8) in Part 1. Line 6 describes
the instantaneous capture point motion for a constant
CoP and originates from (22) in Part 1.
The function pointInPolygon(X, p) determines
whether point p is contained within the polygon defined by the sequence of vertices X.
Function visibleVertices(X, p) computes a clock-

contact
reference point

ric

rm

C
ax

CP
ax

10:
11:
12:
13:
14:

A1

rm

4:
5:
6:
7:
8:
9:

.
r

q1

S

Algorithm 1 1-step capture region calculator
Input: S, r, ṙ, q
A, ts,min , t, rmax , lmax
z0
1: ric ⇐ Pr +
g ṙ
2:
3:

r

q0

Figure 7: The 1-step capture region C, as found by
1) offsetting the set of polygons CP by rmax , and 2)
intersecting the result with a disk of radius lmax and
the contact reference point as its center to take the
maximum step length constraint into account. Note
that for this figure, the centroid of the foot was chosen
as the contact reference point.
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wise ordered sequence of vertices Q = (q0 , . . . , qn )
taken from X that ‘can be seen’ from p, in the sense
that a line segment starting from p and pointing to
qi does not intersect the polygon spanned by X. The
first element of the returned sequence is the rightmost
visible vertex as seen from p, and the last element is
the leftmost.
The function bound(P, r0 , r1 ) takes a set of polygons P and returns a modified version of P , where
each individual polygon is intersected with a halfplane containing all points to the right of a boundary line through r0 and r1 . Note that the order of
the arguments r0 and r1 determines the ‘direction’
of the boundary line and hence the direction of the
half-plane. This function is used to cut off parts of
the allowable CoP regions to which the instantaneous
capture point may not be directed or which are not
reachable given the minimum step time.
Note that if the current support foot is only partially placed inside the allowable CoP regions A, the
support polygon S is the intersection of the foot polygon and A, and Algorithm 1 can be used without
modification. Furthermore, note that if there are limits on allowable foot orientations, the step of offsetting the set of polygons CP by rmax should be replaced by convolving the allowable configurations of
the swing foot polygon about CP .

7.3

Desired Footstep Calculator

The desired footstep calculator (see Figure 8) determines the desired position of the swing ankle rstep
and orientation of the swing foot Rstep at the end of
the upcoming step. The desired position and orientation are expressed in a frame fixed to the support
foot. Because footstep planning depends greatly on
the control task, we have created two separate implementations of this module: one for the balancing
task and another for the walking task. The general
pattern used for both implementations is to choose
a desired initial footstep (rstep,init , Rstep,init ) at the
start of the swing phase and adjust it during the
swing phase if necessary, for example if the robot
is significantly perturbed, to obtain the final output
(rstep , Rstep ).

7.3.1

Balancing

The desired footstep calculator for the balancing task
is a minimal implementation. The initial desired step
location is computed using a fixed step length lstep in
the direction of the instantaneous capture point:
rstep,init = rankle + lstep

ric − rankle
kric − rankle k

(1)

where rankle is the position of the stance foot ankle.
The initial foot orientation is chosen to be the same
as the stance foot orientation and is never adjusted.
The direction in which the robot steps is adjusted
by recomputing (1) during the first 0.1 s after the
instantaneous capture point has left the foot polygon.
After that it remains fixed for the remainder of swing.
7.3.2

Walking

The desired footstep for the walking task is chosen in
such a way that forward progression is made, while
the robot remains 1-step capturable. The initial step
length is determined by multiplying the desired walking velocity by a proportional gain, while the initial
step width is set to a constant value. On flat ground,
the step height is set to zero but may be changed
to any feasible desired value when necessary, for instance to climb a slope. Footstep yaw is set equal to
the desired walking direction. Footstep pitch and roll
are set to zero on flat ground but may be used to walk
on rough terrain to reduce the need for compliance
in the ankle joint.
If the initial desired step location ceases to be
within the capture region by a desired margin at any
instant during the swing phase, an adjusted desired
step location is computed by projecting the initial location inside the 1-step capture region by the desired
margin. The orientation is not adjusted.

7.4

Swing Sub-controller

The task of the swing sub-controller (see Figure 9)
is to compute the desired torques for the swing leg
joints. It accomodates changes in the desired step
location, obtained from the desired step location calculator, on the fly. The controller contains a trajectory generator for the position and orientation of the

10

processed sensor data

s

Desired footstep calculator
C

start

At start of
swing phase?
No
Adjust step location
if necessary

Yes

rstep,init
Rstep,init

processed sensor data
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Compute initial step
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rstep, Rstep
.

xd, ẋd, ẍd Rd, ωd, ωd

Rstep,init
rstep,init

joint level
PD control

Initial step location
and orientation buffer

τPD

rstep, Rstep

.

qd, qd

inverse
kinematics

..

qd

inverse
dynamics

Wcomp

τID
joint torques for
swing leg, if any

Figure 8: Basic structure of the desired footstep calculator. The desired footstep calculator determines
the desired position rstep and orientation Rstep of the Figure 9: Swing sub-controller. A real-time trajecfoot for the upcoming step. Solid lines represent data tory generator computes the desired position, linear
flow and dash-dotted lines represent flow of control. velocity and acceleration (xd , ẋd , ẍd respectively), as
well as the desired orientation, angular velocity and
angular acceleration (Rd , ω d , ω̇ d respectively), expressed in world frame. Inverse kinematics is used to
swing foot, which is used to compute desired joint translate this trajectory from Euclidean space to deangles, velocities and accelerations through inverse sired joint positions, velocities and accelerations (qd ,
kinematics. The trajectory is tracked using inverse q̇d and q̈d respectively). This information is used by
dynamics augmented by PD position control in joint an inverse dynamics algorithm, which computes pin
space.
joint torques τ id and an upper body compensation
wrench Wcomp , used by the stance sub-controller.
The output τ PD of a joint-space PD controller is
7.4.1 Trajectory generation
added to τ ID to obtain the swing leg joint torques.
The swing foot trajectory is updated, even in mid
swing, to allow for changes in step location in reaction to external disturbances. We chose a secondorder system as a reference model to determine the
minimum clearance height is reached, the dynamic
desired linear position xd ∈ R3 and velocity ẋd of the
system transitions into the cruise phase, in which ẍd
ankle of the swing foot at each control time step by
is chosen to maintain constant height while still adintegrating an appropriately chosen desired accelerjusting for changes in the desired step location. The
ation ẍd . Initial values for xd and ẋd are set equal
transition into the landing phase takes place based on
to the actual position and velocity of the swing foot
the landing slope, and the desired position decelerankle.
ates maximally while the height is gradually reduced
The swing foot reference model goes through three
according to the landing slope.
phases: take-off, cruise, and landing. Limits are
For the orientation trajectory of the swing foot,
placed on the magnitudes of acceleration and velocity,
and we specify a clearance height and a take-off and we use a simple interpolation between the measured
landing slope. During the take-off phase, the desired orientation at the start of the swing phase and the deacceleration ẍd is chosen to have maximal magnitude sired final foot orientation, Rstep . The interpolation
until the velocity limit is reached, and be directed at parameter is obtained from a quintic spline starting
the current desired step location rstep , while moving and ending with zero velocity and acceleration, and
upwards using the specified take-off slope. Once the is not updated during the step.
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7.4.2

Position control

control is then used to find corresponding desired leg
torques. The stance sub-controller consists of multiThe desired position and orientation of the swing foot ple control modules, as shown in Figure 10. The folat every control time step are used to compute the lowing sections will describe these modules in more
corresponding joint angles of the swing leg using in- detail.
verse kinematics. The desired linear and angular velocity and acceleration of the swing foot specify corresponding desired joint velocities and accelerations 7.5.1 Upper body height control module
through the inverse of the swing leg Jacobian. Problems due to the singularity that occurs when the knee The upper body height control module regulates the
is stretched are circumvented by gradually scaling the upper body height by determining the net vertical
desired joint velocities and accelerations back to zero force, fz , that the legs should exert on the upper
(that is, using pure damping) based on the value of body. In double support, fz is set to a constant value
the Jacobian determinant.
that slightly overcompensates the estimated gravitaAn inverse dynamics algorithm [7], augmented by tional force acting on the entire robot, simulating a
PD position control in joint space is used to compute virtual constant force spring. In single support, fz
the desired torques for the swing leg joints. We ex- is set to the weight of the stance leg and the body
clude the stance leg joints in computing the inverse plus the z-component of the force from the swing leg
dynamics. The desired spatial acceleration of the up- compensation wrench Wcomp , cancelling out some of
per body is set to zero. In addition to the torques the dynamic effects due to the swing leg motion.
across the swing leg pin joints, the inverse dynamics algorithm also returns a wrench that should be
exerted across the ‘floating joint’ that connects the 7.5.2 Upper body orientation control module
upper body to the world to achieve the desired zero
spatial acceleration. This wrench will be used in the The upper body orientation control module deterstance sub-controller as a feed-forward term to com- mines a desired torque τ that the legs should exert
pensate the swing leg torques and reduce upper body on the upper body. It is used to control the orientation of the upper body with respect to the world
oscillations.
Previously, we have also implemented a vir- (as perceived by the inertial measurement unit). The
tual model control-based swing sub-controller, but desired pitch of the upper body is constant and set
the current implementation outperforms the virtual to zero. Both the desired yaw and the desired roll demodel control implementation in terms of accuracy pend on the gait phase and state of the support leg.
and swing speed, which we consider to be key ingre- Yawing and rolling are used to obtain a longer reach
for the swing leg and to make the gait look more hudients for dynamic walking and push recovery.
manlike. In addition, the desired yaw also depends
on the desired walking direction.
7.5 Stance Sub-controller
The desired upper body torque is computed using
PD
control on the roll, pitch and yaw correspondThe stance sub-controller controls balance by coming
to
the rotation matrix that describes the orienputing desired torques for the stance leg(s). The
tation
of
the actual upper body with respect to the
goals of the stance sub-controller are to control 1)
desired
orientation.
In single support, the torque part
instantaneous capture point location, 2) upper body
of
W
is
added
to the result to compensate the
comp
orientation, and 3) upper body height. The stance
swing
leg
motion.
sub-controller is an implementation of virtual model
control. For each stance leg, it computes a desired
A lunging strategy based on the results of the 3Dwrench on the upper body, to be exerted by the leg, LIPM with finite-sized foot and reaction mass has not
that satisfies these control goals. Jacobian transpose yet been implemented and is part of future work.
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capture point is inside the support polygon, a desired
instantaneous capture point, ric,des , is determined.
Given the current and desired location of the instantaneous capture point, the following simple control
law is used to obtain the tentative location of the
desired CoP, r̄CoP,des :

Stance Sub-controller
instantaneous
capture point
control module

rstep, Rstep
Wcomp

rCoP, des

Upper Body Control Modules
orientation
height

τ
fz

virtual toe point
calculator
w0, w1 rvtp,0, rvtp,1

virtual
support
actuator
control
module

r̄CoP,des = ric + kic (ric − ric,des )

joint torques for
stance leg(s)

Figure 10: Stance sub-controller. The instantaneous
capture point control module computes the desired
CoP (rCoP,des ) within the base of support. This desired CoP is used by the virtual toe point calculator to compute leg support fractions (w0 , w1 ) and
virtual toe points (rvtp,0 , rvtp,1 ), which determine
each leg’s contribution to supporting the upper body.
The orientation and height upper body control modules determine the torque τ and the vertical force
fz to be exerted on the upper body. In single support, these modules use the swing leg compensation
wrench Wcomp to compensate swing leg motion. Finally, the virtual support actuator control module
computes joint torques for the stance legs which result in the desired virtual toe points, leg strengths,
upper body torque and force.

7.5.3

Instantaneous capture point control
module

(2)

where kic is the proportional gain. This proportional
control law is motivated by the linear instantaneous
capture point dynamics for the 3D-LIPM with finitesized foot described in Part 1. If r̄CoP,des lies inside
the support polygon, then the final output of this
control module is rCoP,des = r̄CoP,des . Otherwise,
rCoP,des is obtained by projecting r̄CoP,des to the edge
of the support polygon along a line through ric and
ric,des , as shown in Figure 11b.2 The idea behind this
control law is that the instantaneous capture point is
always pushed away from the CoP, and hence towards
the desired instantaneous capture point.
The desired instantaneous capture point is determined as a function of the state and the control
task. For the balancing task, the desired instantaneous capture point coincides with the centroid of
the support polygon during the double support state.
When the robot is commanded to start balancing on
one leg, the desired instantaneous capture point is
moved to the centroid of the upcoming support foot,
where it remains as long as the robot is able to maintain its balance without taking a step. This location
maximizes robustness against external disturbances
from unknown directions.
For the walking task, the desired instantaneous
capture point is located near the toes of the leading foot during the double support states, promoting
forward motion. At the start of the swing phase, the
desired capture point is moved outside the stance foot
in the direction of the upcoming step location.

The goal of the instantaneous capture point control
module is to regulate the location of the instantaneous capture point. Its output is the desired location of the CoP, rCoP,des . This control module
switches between two modes of operation, depending
on whether the instantaneous capture point is inside
2 In practice, we use a slightly smaller support polygon when
the support polygon.
projecting the tentative desired CoP, to prevent the feet from
Instantaneous capture point inside support
polygon See Figure 11. When the instantaneous

tipping at times when this is not desired. The use of a smaller
support polygon is necessary because of unmodeled dynamics,
inability to perfectly track the desired CoP, and model uncertainty.
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rCoP,des

_
rCoP,des
rCoP,des

rCoP,des
S

S

ric

ric
a)

ric,des

S

b)

contact
reference point

ric,des

Instantaneous capture point outside support
polygon See Figure 12. The instantaneous capture point will move outside the support polygon if
the robot is pushed significantly, or because it has
been driven outside the stance foot polygon during
the walking task. When ric is outside the support
polygon, it is not possible to track a desired instantaneous capture point location, since the instantaneous capture point will always exponentially diverge
away from the stance foot. We therefore only control the direction in which it diverges away from the
foot. This is done by specifying a guide line, Lg , and
choosing the desired CoP such that the instantaneous
capture point is kept along this guide line.
We define the guide line by two points. The first is
the contact reference point on the support foot. The
second is a point ∆x in front and ∆y to the inside of
the contact reference point for the planned footstep,
with
∆y = kxy |vdes,x |

Lc

d(Lg, ric)
planned
step location

Figure 11: Action of the instantaneous capture point
control module when ric is inside the support polygon
S. a) the tentative desired CoP r̄CoP,des , as determined using (2), is inside the support polygon, so it
coincides with the final output rCoP,des . b) r̄CoP,des
is outside the support polygon and is projected onto
its edge to obtain rCoP,des .

∆x = kxx vdes,x

ric

kic d(Lg, ric)
Lg

∆y
∆x

Figure 12: Action of the instantaneous capture point
control module when ric is outside the support polygon S. The guide line Lg passes through the contact
reference point on the support foot and a point ∆x
in front and ∆y inside of the contact reference point
for the planned footstep location, see (3). The control line Lc is parallel to the guide line; the distance
between the two is determined by (4). The desired
CoP is chosen as the intersection of Lc and S.

Given the guide line and the instantaneous capture
point location, a second line, called the control line, is
defined. The control line is parallel to the guide line.
The distance d(Lg , Lc ) between the guide line Lg and
the control line Lc is set to be proportional to the
distance between the guide line and the instantaneous
capture point, d(Lg , ric ):
d(Lg , Lc ) = kic d(Lg , ric )

(4)

where kic is a positive gain.
Finally, the desired CoP is computed by finding the
intersection of the stance foot polygon and the control
line that is closest to ric . If there are no intersections,
the support polygon vertex closest to the control line
is used. The control law (4) causes the instantaneous
(3a) capture point to be pushed back onto the guide line
after a deviation.
(3b)

where kxx and kxy are positive gains and vdes,x is the
desired average velocity of the robot in the forward
direction, in a frame oriented to match the planned
step location. The effect of this simple control law is
that the instantaneous capture point is pushed forward and to the inside of the upcoming support foot
as desired forward velocity is increased.

7.5.4

Virtual toe point calculator

The virtual toe point calculator uses the desired CoP
to compute a virtual toe point (VTP) and a leg support fraction for each leg [27]. Controlling VTP locations and leg support fractions results in approximate
control of the overall CoP of the robot.
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rvtp,0

rCoP,des

w0 and w1 , such that w0 + w1 = 1 and w0 , w1 ∈ [0, 1].
A leg support fraction wi describes the fraction of the
desired torque τ and vertical force fz to be exerted
by stance leg i ∈ {0, 1}. The distances between the
VTPs and the overall desired CoP determine the leg
support fractions:

L1

rvtp,1
L2

Lvtp

1.0
0.5

w1

w0

wi =

0.5

krCoP,des − rvtp,1−i k
,
krvtp,0 − rvtp,1 k

i ∈ {0, 1}

(5)

1.0

This equation stems from a moment balance
around the desired CoP: if a VTP is far removed from
Figure 13: Implementation of the virtual toe point
the desired CoP, a force exerted at this VTP has a
calculator during double support. Line Lvtp is first
large moment arm, and hence the associated leg supconstructed. It passes through the desired CoP and
port fraction should be small. Support is gradually
the intersection of lines L1 and L2 , the edges of the
transferred from one leg to the other in double supsupport polygon that connect the foot polygons. The
port due to continuously changing leg support fracintersections of line Lvtp with the foot polygons detions, associated with a continuous desired CoP trafine two line segments. The VTPs rvtp,0 and rvtp,1
jectory.
are found as the center points of these line segments.
The leg support fractions are then found based on
the distances between the VTPs and the desired CoP 7.5.5 Virtual support actuator control module
using (5), which also has a clear geometric interpretation as shown in the figure. If the desired CoP lies The virtual support actuator control module dison the outside of a foot, so that it lies farther to the tributes the torque τ and the vertical force fz over
edge of the support polygon than the center of the the support leg(s) using the leg support fractions wi
line segment for that foot, then the VTP for that as weighting factors:
foot is chosen to be equal to the desired CoP and the
fz,i = wi fz
i ∈ {0, 1}
leg is assigned a leg support fraction of 1 (this case
(6)
is not shown in the figure).
τ i = wi τ

The virtual toe point of a foot is the point about
which no torque is commanded in the horizontal
plane. VTPs are similar to the centers of pressure
for each foot, except that a VTP is a commanded
quantity, not a measured one, and is only based on
a static analysis. Details on how the VTPs are used
are given in Section 7.5.5.
In single support, the VTP for the stance leg is
placed at the location of the desired CoP. In double support, we use a heuristic based on geometric
relations, depicted and explained in Figure 13, to determine VTPs rvtp,0 and rvtp,1 in such a way that the
desired CoP and both VTPs lie on one line.
The leg support fractions are two scalars, denoted

where fz,i and τ i are the z-component of the force
and the torque to be exerted by leg i, respectively.
We use these partial wrenches to compute a complete
desired wrench Wi for each leg, where
!
T
fi
fi = (fx,i , fy,i , fz,i )
Wi =
with
(7)
T
τi
τ i = (τx,i , τy,i , τz,i ) .
The remaining x- and y-components of the force fi
for each leg are computed using the virtual toe points.
The virtual toe point constraint, which requires that
no torque should be applied about either horizontal
axis at the virtual toe point, can be enforced as follows. We consider the virtual toe point for a foot
to be the intersection of the axes of two virtual pin
joints, located on the sole of the foot. Their orthogonal axes of rotation lie in the plane of the foot. The
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virtual pin joints do not exist on the physical robot,
but provide a simple way of computing fx,i and fy,i
since the torques across these joints should be zero.
The virtual pin joints come after the real joints of the
robot in the kinematic chain from upper body to foot.
Their rotation angles are set to zero, but their location on the foot changes in time, depending on the
location of the virtual toe point. We use τ vtp,i ∈ R2
to denote the vector of virtual joint torques exerted
at the virtual pin joints for stance leg i. A static
analysis results in
τ vtp,i = JTvtp,i Wi .

(8)

In this equation, Jvtp,i ∈ R6×2 is the Jacobian that
maps the joint velocities of the virtual pin joints to
the twist of the foot with respect to a virtual body
attached ‘after’ the virtual pin joints in the kinematic
chain, expressed in an upper body-fixed frame.
Splitting the Jacobian Jvtp,i into a 2 × 2 block
Jvtp,i,2×2 and a 4 × 2 block Jvtp,i,4×2 and using (7),
we can rewrite (8) as
!
!
fx,i
fz,i
T
T
τ vtp,i = Jvtp,i,2×2
+ Jvtp,i,4×2
.
fy,i
τi
(9)
We require that the torques at a leg’s virtual toe
point be zero. We can hence solve (9) to find the
values of fx,i and fy,i :
!
!
fx,i
fz
−T
T
= −Jvtp,i,2×2 Jvtp,i,2×4
(10)
fy,i
τi
The matrix JTvtp,i,2×2 is invertible as long as the
following two conditions hold: 1) the z-coordinate of
the origin of the upper body, expressed in the footfixed frame, is not zero, and 2) the z-axis of the upper
body-fixed frame does not lie in the horizontal plane
of the foot-fixed frame. These conditions are always
satisfied during normal operation.
Now that fx,i and fy,i are also known, we know the
complete wrench Wi to be exerted on the upper body
by stance leg i, and we can use a different Jacobian,
Jleg,i ∈ R6×6 to find the joint torques τ leg,i :
τ leg,i = JTleg,i Wi ,

where Jleg,i maps the joint velocities of the real joints
of leg i to the twist of the upper body with respect
to the foot, expressed in the upper body-fixed frame.
Computing fx,i and fy,i based on virtual toe points
instead of specifying these forces directly has as an
advantage that virtual toe points are closely related
to the CoP, which plays a major role in the instantaneous capture point dynamics described in Part 1.
This relation to the CoP also means that limits due to
the finite-sized support polygon are straight-forward
to accomodate. We simply make sure that each foot’s
virtual toe point lies inside its convex polygon.

8

Results

This section presents results obtained for both the
balancing task and the walking task. Balancing and
walking without pushes was achieved on the real
M2V2 robot. Walking while recovering from pushes
and walking over stepping stones was achieved on the
simulated M2V2 robot. Note that figures are labeled
either [REAL] if the data is from the physical robot
or [SIM] if from the simulated robot. See Extension
1 for a video of results from both real-world experiments and simulations.
In this section, we evaluate the N -step capturability margin proposed in Part 1, that is, the area of
the N -step capture region. Here we use N = 1 since
the presented algorithm is based on remaining 1-step
capturable.

8.1

Balancing task

On the real M2V2 robot we achieved balancing on one
leg and recovering from sideways and forward pushes.
Figure 14 shows time-elaspsed images of M2V2 recovering from a push. Figure 15 shows the norm of the
disturbance force, as recorded from the push stick,
and the 1-step capturability margin. We see that the
robot was able to recover from pushes of approxi(11) mately 21 Ns.
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Figure 14: [REAL] M2V2 recovering from a push
while standing on one leg. Images are from left to
right starting at the top left.

Figure 15: [REAL] Norm of disturbance force and
1-step capturability margin of M2V2 recovering from
a push while standing on one leg. The capturability
margin is not shown after transition to the ‘stop in
double support’ state (gray area) to avoid cluttering.

8.2

Walking task

On the real M2V2 robot we achieved flat ground
walking without disturbances. On the simulated

M2V2 robot we achieved walking while recovering
from pushes and walking over stepping stones.
Figure 16 shows time elapsed images of M2V2
walking on flat ground. For this walk, the robot uses
a constant step length and width. During the walk,
the capture region is computed, but since there are
no pushes, the robot does not have to change where
it steps.
Figures 17 through 20 show plots of a single data
set obtained from simulation for walking on flat
ground while recovering from pushes. Three different pushes to the left occur at approximately 4, 8.5,
and 13 seconds. These pushes are modeled as forces
applied to the midpoint between the hip joints and
are 300 N in magnitude for a duration of 0.05 seconds. This corresponds to an impulse of 15 Ns. Note
that pushes were to the left while the left foot was
swinging. Pushes to the opposite side would require
either a cross-over step or two quick steps, both of
which are more difficult to achieve and are an area of
future work.
Figure 17 shows the sideways pushes applied to the
M2V2 simulation, and the resulting change in velocity while recovering to pushes during walking. Since
the pushes were mostly to the side, the change in lateral velocity is more prominent than forward velocity.
After each push we see that the robot recovers with
one step.
Figure 18 shows side and overhead views of the
robot. Each time a push occurs, the robot steps to
the left to recover from the push. Also plotted in the
overhead view are the instantaneous capture point
trajectory and the trajectory of each ankle.
Figure 19 shows the 1-step capturability margin
during walking of the M2V2 simulation while recovering from pushes. We see that the capturability margin significantly decreases after each of the 3 pushes,
corresponding to the decrease in area of the capture
region as seen in Figure 20.
Figure 20 shows a time-lapsed overhead view of the
robot. In the first two frames the capture region is
relatively large during the beginning of swing. The
robot is then pushed between the first and second
frame, decreasing the size of the capture region and
requiring the robot to choose a different place to step.
In frames 3-6 the robot steps further to the left than
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Figure 17: [SIM] Lateral velocity and disturbances of
the M2V2 simulation while recovering from pushes
during walking. After each push, the lateral CoM
velocity increases by up to 0.44 m/s.
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Figure 18: [SIM] Robot as it walks while being
pushed laterally to the left every second step. a) Side
view. Trajectories of the ankles are indicated with
dashed lines. b) Overhead view. Actual ankle trajectories connect the sequence of footprints for each
foot. The instantaneous capture point trajectory is
indicated with a dashed line.

Capturability margin [m2]

disturbance

Lateral disturbance force [N]
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Figure 16: [REAL] M2V2 robot walking on flat
ground. Images are from left to right starting at the
top left. In this walk, the robot uses a constant step
length of 0.35 m and a constant step width of 0.20
m. The average walking velocity is 0.21m/s.

desired heading

Figure 19: [SIM] 1-step capturability margin during
walking while recovering from pushes. After each
push, the 1-step capturability margin significantly decreases showing that the robot is in danger of falling.
After each recovery step, the capturability margin recovers. Note that during double support and periods
during single support when the instantaneous capture
point is inside the support polygon the capturability
margin is not plotted (gray areas).
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Walking over various stepping stones was achieved
on the simulated M2V2 robot. Figure 21 shows an
example of walking over stepping stones that are clustered in groups of three. The robot was given exact
knowledge of the stepping stones. To ensure that
the entire foot rested on each stone, the allowable
CoP region for each stepping stone was computed by
shrinking the stepping stone based on the size of the
foot. However, due to inaccuracies in foot placement,
the foot would sometimes slightly overhang the edge
of a stone.
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t = 0.12
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t = 0.24

t = 0.36
C
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Discussion and Future Work

9.1

Using Simple Models for Complex
Robots

In this part we used the 3D-LIPM with finite-sized
foot, described in Part 1, to estimate the 1-step capCenter of mass
Initial step location
ture region, which was then used to help control balCenter of mass velocity
Adjusted step location
Instantaneous capture point
Swing foot (left)
ancing and walking in M2V2, a 3D lower body huCapture region
Stance foot (right)
manoid. This simple model was sufficient for controlling balancing on one foot, walking, and recoverFigure 20: [SIM] Time-lapse overhead view of the ing from pushes while walking. The simplified model
robot during the walking task, showing one step. The was sufficient for three reasons:
robot is perturbed laterally at the start of the step
• The model accounts for the dynamics of the CoM
(t = 0).
with respect to the CoP, which are the key dynamics of walking.
t = 0.48

t = 0.60

C

• The model allows for the use of feet, and the
modulation of the CoP in real time. This adds
robustness, as opposed to an algorithm that predetermines a CoP trajectory.
• The 1-step capture region is relatively large for
moderate speed walking. Therefore, there is a
large degree of robustness to modeling errors.
The presented control algorithms did not exploit
angular momentum of the upper body as a means
of control. As we start to address more challenging
tasks, like walking over rough terrain and over narrow beams, we will likely need to use more complex
models for computing capture regions and developoriginally intended, landing in the 1-step capture re- ing control strategies. In Part 1, we analyzed the
gion, and successfully recovering from the push.
3D-LIPM with finite-sized foot and reaction mass.
Figure 21: [SIM] M2V2 walking over stepping stones
that are clustered in groups of three. Snapshots are
taken at 1.5 second intervals.
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This model should be useful in control when upper
body angular momentum is used to prevent falling.
In future work we will use this model and will investigate other strategies for using multi-joint upper
body angular momentum in walking and disturbance
recovery.

9.2

1-Step Versus N-Step Capture
Regions

In this part we developed controllers that always
step into the 1-step capture region. This restriction is overly cautious in general, and it is likely the
case that fast walking may require periods when the
legged system is only 2-step, or perhaps only 3-step
capturable. However, M2V2 currently has a long
swing time, making the 2-step capture region not
much larger than the 1-step capture region.
0 =
pFor M2V2, the falling time constant is 1/ω
z0 /g ≈ 0.32 seconds, where g = 9.81m/s2 is the
gravitational acceleration and z0 ≈ 1.0m is the CoM
height. The minimum step time ∆ts is currently approximately 0.6 seconds for M2V2. The geometric ratio governing the diminishing returns for
p the N -step
capture region as N increases is exp(− z0 /g∆ts ) ≈
0.15 (see (16) in Part 1). This means that the radius of the 2-step capture region is only about 15%
larger than the radius of the 1-step capture region.
Therefore, there is not much to be gained in considering 2-step capturability over 1-step capturability
with M2V2, until we can get the robot to swing its
legs more quickly.
With human walking, on the other hand, the minimum swing time is approximately 0.3 seconds. This
results in a geometric ratio of approximately 0.4.
Hence, the 2-step capture region for human walking
should be relatively large, and even 3-step capturability should be considered.

9.3

Capturability Margin

the walking task, the capturability margin recovered
completely after taking one step.
According to the theoretical considerations presented in Part 1, the capturability margin should
never increase unless a step is taken or an external
force is exerted on the robot. Any other increases
in capturability margin are due to modeling errors,
sensor noise and lack of exact knowledge about when
the swing foot hits the ground.

9.4

Estimation of CoM position and
velocity

The algorithm presented, like most feedback control
algorithms for bipedal walking, relies on a good estimation of the CoM location and velocity, particularly
in the horizontal plane. Obtaining such an estimate
on a physical robot is difficult for several reasons.
Knowing the CoM projection on the ground requires knowing which way is down. A small error in
the perceived orientation of the body can result in a
significant error in the CoM projection. For example, if the CoM is at a height of 1 meter and there
is a 0.01 radian error in the body orientation, that
will result in approximately a 1 cm error of the CoM
on the ground. For 3D robots, orientation is typically determined using an inertial measurement unit
(IMU), and therefore having a good IMU and related
sensor processing is important.
Using leg kinematics to estimate the CoM velocity
has the problem that one must assume that the foot
is not moving. However, if the foot is slipping, this
assumption will make the CoM seem to be moving
in the opposite direction. On the other hand, integrating an accelerometer to estimate velocity has the
problem of error accumulation. For M2V2 we have
used a combination of leg kinematics and accelerometer measurements. We have not yet determined how
accurately our CoM velocity estimate is, but we believe we can do much better and therefore improve
performance on the physical robot.

We presented an experimental evaluation of the N step capturability margin, where we used N = 1.
9.5 Uneven Ground
Figure 15 and Figure 19 showed a significant decrease
in this capturability margin when the robot was per- Both the models presented in Part 1 and the control
turbed, as expected. For both the balancing task and algorithm presented in Part 2 assumed flat ground.
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We have performed some preliminary simulations
with moderate slopes and relatively small steps, and
so far it appears that the same models are applicable
to these types of terrain. However, for large slopes
and steps, and very rough ground, the models will
likely need to be expanded and further control strategies will need to be developed. In addition, we still
need to develop capturability-based models and control strategies for situations where hands can push
against walls or hold handrails, or where feet can be
on different slopes. In these cases concepts like force
closure will need to be taken into account, rather than
only using the CoP.

9.6

Controlling Velocity versus Coming to a Stop

Capturability measures the ability of a legged system
to come to a stop in N steps or fewer. However, we
are not usually interested in coming to a stop, but
rather maintaining an average speed. Even though
capturability is based on the ability to come to a
stop, using tools based on capturability does not require the legged system to come to a stop. Instead,
capturability only specifies bounds on what is permissible. Within these bounds, there is ample room
for such things as controlling velocity, for example by
CoP or foot placement.

9.7

Cross-over Steps

In this study, we only considered pushes during single support which did not require a cross-over step.
Cross-over steps are challenging for a number of reasons. The swinging leg needs to make sure to not contact the support leg. To do that, the path of the leg
may be longer, requiring longer swing time. Also, the
length of the step will be smaller than it can be when
the leg swings to the outside. An alternative is to
quickly step straight down with the currently swinging leg and then quickly swing the other leg to prevent a fall. This two-step recovery strategy requires
extra time to execute and for significant pushes will
likely only be successful for robots with a relatively
short swing time, on the order of how fast humans
can swing their legs.

9.8

Virtual Toe Points and Center of
Pressure

The presented control algorithm relies on the use of
virtual toe points to track a desired CoP. Virtual toe
points can be interpreted as the attachment points
of virtual actuators on the feet, and each virtual toe
point is used to gain approximate control of each individual foot’s CoP. The virtual toe point and a foot’s
CoP will be theoretically identical if the robot is in
single support, the vertical force of the virtual actuator equals the weight of the robot, and the vertical
acceleration is zero. In simulation, the two points
always remain close (within a few cm) during single support. During double support, there can be
a large error between the desired and actual CoP,
particularly when one of the legs is stretched. For
example, if the hind leg is completely stretched, and
the desired CoP is on the heel of the hind leg, then
the virtual actuator on the hind leg will be assigned
a large leg support fraction. However, since the leg
is straight, the actual joint torques that the virtual
actuator produces will be small, and the CoP will be
located more forward than desired.
One way to obtain a better match between the desired and actual CoP is to keep the knees of the robot
bent to avoid losing kinematic range. However, we
wish to avoid that solution since human walking does
not rely on bent knees and because it requires unnecessarily high torques at the knees. Another solution,
which we will investigate in future work, is to use toe
off on the rear leg to better control the CoP during
double support. Currently, some toe off occurs at
the end of the stride, but it is simply the result of
the dynamics of the walk, rather than the result of
an intentional control action.

9.9

Foot Placement Speed and Accuracy

In this paper, we showed how foot placement can
be used to regain balance after a push. Doing so
requires a fast swing that is accurate enough to make
the foot land in the capture region. However, due to
the use of SEAs with very compliant springs, we have
had difficulty to quickly and accurately swing the leg.
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Although SEAs enable compliant control, they can A
Index to multimedia Extenmake joint position trajectory tracking challenging.
sions
We believe that we can achieve the same favorable
compliant control characteristics and better tracking See Table 1 for a description of the multimedia conby increasing the stiffness of the series springs. On tent attached to this paper.
the other hand, we also believe that swing can be
performed in a more compliant manner, determined
Table 1: Index to multimedia Extensions
mostly by the passive pendulum dynamics of the leg,
Extension
Media Type
Description
as opposed to using traditional high-gain trajectory
1
Video
Results of control algorithm implementation, both on the phystracking. Determining swing strategies that allow for
ical robot and in simulation.
fast and accurate steps while exploiting the natural
dynamics of the leg is an area of future work.

B
9.10

Application to Other Robots

We believe that capturability concepts can be applied to the analysis and control of other legged systems. Estimating capture regions and determining
capturability-based robustness metrics should be possible for all legged systems. While we advocate compliant force control for legged robots, most of the
techniques described in this paper should also apply to high-gain position trajectory tracking robots.
Stepping strategies that take the capture region into
account should be applicable to any robot that can
change where it steps on-the-fly. Control of the instantaneous capture point should be applicable to
any robot that can control its CoP location on the
ground. We are currently expanding the algorithms
presented in this paper and working toward their application on several different humanoid robot platforms.
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Conclusion

This paper showed an application of the N -step capturability framework to a 12-DoF bipedal robot. The
main contributions of this part were step location
adjustment using the 1-step capture region and instantaneous capture point control by CoP placement,
which are key ingredients to the presented control algorithm. In addition, the 1-step capturability margin
was experimentally evaluated.

Robot parameters

Table 2 gives the joint layout and inertia parameters
of M2V2. Each row represents a joint and its associated rigid body. We use a coordinate system in which
x is forward, y is to the left, and z is up. Note that
the bottom 6 rows represent the left leg joints and
masses (marked with the letter ‘L’). The right leg is
a mirror image of the left leg, and thus is identical
to the left leg except for the y values, which are all
the additive inverse. For pin-type joints, the letter
following “Pin” refers to the rotational axis to which
the joint is aligned.
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Table 2: M2V2 simulated robot joint and mass layout. Approximated from CAD models of real M2V2
robot. The joint offsets are with respect to each joint’s parent joint and defined when all joint angles are 0.
The CoM offsets are with respect to each joint origin. The moments of inertia are with respect to the CoM
of each link.
Joint

Parent

Root
N/A
L Hip Yaw
Root
L Hip Roll
L Hip Yaw
L Hip Pitch
L Hip Roll
L Knee
L Hip Pitch
L Ankle Pitch
L Knee
L Ankle Roll L Ankle Pitch

Offset from Parent [m]
x
y
z
Joint Type Mass [kg]
0.0 0.0
0.0 0.092
0.0 0.0
0.0 0.0
0.0 0.0
0.0 0.0
0.0 0.0

0.0
-0.381
0.0
-0.029
-0.450
-0.467
0.0

Floating
Pin-Z
Pin-X
Pin-Y
Pin-Y
Pin-Y
Pin-X

24.0
0.2
0.0
4.6
4.3
0.11
0.727

COM offset [m]
x
y
z

Moment of Inertia [kg m2 ]
Ixx
Iyy
Izz

0.0
0.0
0.0
2.756
0.0
0.0
0.0 5.3E-4
0.0
0.0
0.0
0.0
-0.0318 0.006 -0.229 0.044
-0.025 0.0 -0.229 0.054
0.0
0.0
0.0 2.6E-4
0.0127 0.0 -0.051 3.63E-4

2.756
5.3E-4
0.0
0.044
0.054
2.6E-4
0.002
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