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1 Introduction

Simple spring-mass systems, such as the Spring-Loaded In-
verted Pendulum (SLIP) model, are widely accepted in the
literature both as accurate descriptive dynamical models for
animal locomotion [3, 5] as well as the basis for numerous
robots capable of dynamic locomotion [7, 11]. Most exist-
ing literature, however, focuses almost exclusively on tele-
scoping leg models with only radial actuation, overlooking
possible uses of hip torque actuation for running behaviors.

Previous studies have demonstrated that center-of-mass
kinematics and ground-reaction-force (GRF) data are rea-
sonably consistent with the predictions of the SLIP model in
many animals [3, 5]. However, a recent qualitative compari-
son of GRF data from running animals to those generated by
the SLIP model reveals structural discrepancies in horizon-
tal force predictions [17]. Here, we investigate the Torque-
Actuated Dissipative SLIP (TD-SLIP) model, which incor-
porates both damping and hip torque actuation [2], in an ef-
fort to overcome the structural deficits in the SLIP model
pointed out by Srinivasan and Holmes [17]. Following a
similar approach, we show that TD-SLIP indeed is both
qualitatively and quantitatively more accurate than the ideal
SLIP model in predicting GRF profiles of human running.

The lossless SLIP model is extensively presented in the lit-
erature and consists of a point mass attached to a massless
compliant leg alternating between flight and stance phases
during locomotion. In contrast, the TD-SLIP model [2], il-
lustrated in Fig. 1, introduces viscous radial damping on the
leg, and incorporates a controllable ramp torque acting on
the leg, parameterized by its value at touchdown and van-
ishing at liftoff. To achieve this, the specific torque used in
the TD-SLIP model [2] takes the form

τ(t) = τ0

(
1− t

t f

)
, (1)

where t = 0 and t = t f corresponds to touch-down and lift-
off instants respectively. We explore two other forms of this
torque profile in this paper.

Our comparison of these two models—SLIP and TD-
SLIP—supports the hypothesis that damping is a significant
factor in modeling human running and the use of hip torque
actuation might have an important role for such behaviors as

well. This extended model is also more realistic from an im-
plementation point of view, as evidenced by the successful
use of similar actuation mechanisms in a number of robotic
platforms [10, 15, 16].
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Figure 1: TD-SLIP : Planar, dissipative spring-mass hopper with
rotary hip actuation [2]

2 Fitting SLIP and TD-SLIP Models to Experimental
Human Running Data

Our comparison of model effectiveness is based on GRF
data obtained from human running experiments at differ-
ent speeds, obtained from [9] for a single human subject
running at 3 m/s and from [8] for 4 m/s, 5 m/s and 6 m/s
with normalized force data averaged over 10 human sub-
jects for each speed. Using standard filtering techniques
in biomechanics ensuring periodicity of motion and the av-
erage locomotion velocity, we extracted COM trajectories
through integration. We then found model parameters (stiff-
ness, damping, and torque profile parameters) and system
initial conditions for both the SLIP and TD-SLIP models
that satisfy important trajectory constraints such as match-
ing average speed, stance and flight times and ensuring pe-
riodicity of motion while minimizing mean squared errors
(MSE) between predicted and observed GRF profiles. MSE
of a prediction on a data set can be calculated using

MSE =
1
N

N

∑
k=1
||F∗(k)−F(k)||22,

where N is the number of samples and F∗(k) is the predic-
tion of the force vector at kth sample.

As in [17], we fixed the body mass to 64.5kg and the leg
length to 1m for both models, normalizing experimental



force measurements whenever necessary. In order to ensure
that the number of parameters was the same between the two
models, we also extended the ideal SLIP model by including
radial damping (but no hip torque) and piecewise constant
stiffness (effectively adding radial actuation). For both TD-
SLIP and damped-SLIP models, we enforced the condition
that successive apex states must have the same energy, since
both are actuated, dissipative models. Given practical lim-
its on parameter values, our fitting simulations converged on
unique solutions.

We evaluated the fitting performance of each model first
quantitatively through the mean squared force error, and
then qualitatively through the ”effective footprint” concept
introduced by [17]. The latter criterion is a visual method
based on the intersection of the GRF direction passing
through the COM with the ground plane and helps empha-
size the evolution of the force direction throughout stance.
For an ideal SLIP with a central force profile, the footprints
must all meet at a single point, an inescapable structural
feature of SLIP. However, when more complex effects such
as foot slippage, rolling contact or hip torque actuation are
present, the footprints may not all coincide within a single
stance. Investigation of these footfalls for experimental data
as well as the SLIP and TD-SLIP models reveals important
discrepancies and helps identify the relative importance of
different model features and parameters.

3 Results and Conclusion

As a result of our fitting analysis, the damped-SLIP model
mentioned above converged to a conservative model for all
speeds, implying that the added parameter does not improve
the fit. For the TD-SLIP model, the ramp torque profile pro-
vided a better fit for all speeds than constant and sinusoid
torque profiles whose amplitudes were considered as param-
eters for fitting. Consequently, we have chosen the conserva-
tive SLIP model and the TD-SLIP with a ramp torque profile
for our comparisons. Prediction errors in GRF profiles be-
tween fitted models and experimental data presented in Ta-
ble 1 show that TD-SLIP model has better predictive perfor-
mance compared to the damped-SLIP model. Mean squared
errors of the SLIP model are 2 to 4 times larger than those of
the TD-SLIP model. Table 1 also provides root mean square
errors (RMSE) which give the quadratic mean of the predic-
tion errors. Quadratic mean of an “error signal” is a more
intuitive quantitative result than MSE.

Investigation of associated effective footprints also shows
that the TD-SLIP provides a better qualitative fit to exper-
imental data, reproducing the rear-facing ground reaction
forces at the beginning of stance rather than the single-point
predicted by the ideal SLIP model (e.g. Fig. 2). This quali-
tative match, illustrated in Fig. 2 for speeds 3 m/s and 4 m/s,
between the TD-SLIP model and experimental data is ob-
served for all speeds and is consistent with observations de-
scribed in [17].

We believe that both the quantitative results in the form of

Table 1: Prediction Errors (MSE and RMSE) in GRF Profiles

MSE [N2] RMSE [N]
Speed SLIP TD-SLIP SLIP TD-SLIP
3 m/s 44657 12424 211.3 111.5
4 m/s 48584 22413 220.4 149.7
5 m/s 68065 29960 260.9 173.1
6 m/s 87664 32837 296.1 181.2

prediction errors in GRFs and the qualitative results that we
observed using the graphical tool by [17] provide evidence
towards both the presence of significant damping, and the
use of hip torque actuation as an additional source of energy
used by human runners, improving the predictive accuracy
and utility of dynamic models of running.

4 Open Questions

How well can TD-SLIP describe animal locomotion for ani-
mal morphologies that closely match the TD-SLIP like mod-
els (e.g. guineafowl [4], ostrich [14])?

Can TD-SLIP capture transient behavior in animal (includ-
ing human) running? What are the extensions necessary to
handle the transients in human running?

TD-SLIP model ascribes all passive dynamics to the radial
direction and active components to the angular direction.
Should this assumption be relaxed, and how might we iden-
tify the most appropriate configuration of passive and ac-
tive components in animal running? How can TD-SLIP-like
simple mechanical models be used in understanding neural
control mechanisms [6]?

Many scientific studies indicate that simple low dimensional
models can describe complex animal behaviors [6,12,13]. Is
this a byproduct of different neuromechanical control rules?
Or is this a control target that might simplify control, e.g.
facilitating a two-step control policy [1]?

Can TD-SLIP and other models be useful in improving in-
terventions for rehabilitation?
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Figure 2: Center-of-mass trajectories and effective footprints of human, TD-SLIP and SLIP running at 3 m/s and 4 m/s. Green lines show
the directions of GRFs as in [17].
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